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We show that there is a 1-dimensional (countable) non-spectral poset X such that for all
x = y ∈ X , ↑x ∩ ↑y and ↓x ∩ ↓y are ﬁnite subsets. On the other hand, we obtain some
suﬃcient conditions for posets to be spectral.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Lewis and Ohm asked the following question [5, p. 833]: “If X is a 1-dimensional poset such that for all x = y ∈ X ,
↑x∩ ↑y and ↓x∩ ↓y are ﬁnite, is X spectral?” We show that the answer is negative.
A poset (X,) is said to be spectral, proﬁnite, Priestley, or representable if there is a commutative ring R with unit such
that X is order isomorphic to the set Spec(R) of its prime ideals with the inclusion order.
A topological space X is said to be spectral if there is a commutative ring R with unit such that X is homeomorphic to
the set Spec(R) of its prime ideals with the Zariski topology.
In [4], Hochster showed that a topological space X is spectral if and only if X is T0, sober and compact, and has
a compact open basis closed under ﬁnite intersections.
Deﬁne dim X = sup{n | there is a chain x0 < x1 < · · · < xn in X}. For an element x ∈ X , ↑x := {y ∈ X | x  y} and ↓x :=
{y ∈ X | y  x} are called the specialization (or saturation) of x and the generalization (or cosaturation) of x. For a subset
Y ⊆ X , ↑Y :=⋃y∈Y ↑y and ↓Y :=
⋃
y∈Y ↓y are called the specialization (or saturation) of Y and the generalization (or
cosaturation) of Y . A subset Y ⊆ X is said to be upper if Y = ↑Y . Similarly a subset Y ⊂ X is said to be lower if Y = ↓Y .
For a subset Y ⊆ X , denote by min Y and max Y the set of minimal elements of Y and the set of maximal elements of
Y with respect to the restricted order. The D-connected component or the order component of X containing an element
x ∈ X is the subset of X of all elements y which have a path y = y0  y1  y2  · · ·  x from y to x. If X has only one
D-component, then X is said to be D-connected.
For a topology τ , recall saturated subsets are intersections of τ -open subsets and, the de Groot dual τ G of τ is the
topology deﬁned by the family of all τ -compact saturated subsets as the closed subbasis.
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clτ ({x}) = ↓x, for each x ∈ X . Here clτ ({x}) denotes the closure of {x} with respect to τ . One can obviously see that (X,)
is spectral if and only if there exists an order compatible spectral topology on X .
The motivation for the question by Lewis and Ohm is the following result [5]: Suppose that for any minimal element
x of a 1-dimensional poset X , {y ∈ min X | ↑x ∩ ↑y = ∅} is ﬁnite and that for any maximal element x ∈ X , {y ∈ max X |
↓x∩ ↓y = ∅} is ﬁnite. Then X is spectral.
Some authors obtained several results about spectral posets (see for instances, [2,3]) and showed positive results under
some assumptions. In particular, Bouvier and Fontana showed the following result [1]: Suppose that for any D-connected
component S of a 1-dimensional poset X , min S is ﬁnite and that for any distinct pair x = y ∈ X , ↑x ∩ ↑y is ﬁnite. Then X
is spectral. The generalized result was shown in [8]. In contrast, we obtain the following negative result:
Theorem 1. There is a 1-dimensional (countable) non-spectral poset X such that for all x = y ∈ X, ↑x ∩ ↑y and ↓x ∩ ↓y are ﬁnite
subsets.
2. Constructing the example
Let Y := {yi | i ∈ Z0} be a set and F := {F ⊆ Y | F : coﬁnite} a family of subsets of Y . For each F ∈ F , designate a
two point set {F+, F−}. Deﬁne a set F± :=⊔F∈F {F+, F−}. For each pair (yi, F ) with yi ∈ F ∈ F , designate a two point
set {yiF+ , yiF−}. Deﬁne a set X0 :=
⊔
yi∈F∈F {yiF+ , yiF−}. Let X1 := Y unionsq F± and X := X0 unionsq X1. Equip X with an order  as
follows: yiF− < yi, F− and yiF+ < yi, F+ , and other elements are incomparable. We show that X has the desired properties.
Obviously, the following equalities hold:
min X = X0, max X = X1,
↓F− = {yiF− | yi ∈ F } unionsq {F−}, ↑yiF− = {yi, F−} unionsq {yiF−},
↓F+ = {yiF+ | yi ∈ F } unionsq {F+}, ↑yiF+ = {yi, F+} unionsq {yiF+},
↓yi = {yiF+ , yiF− | yi ∈ F ∈ F} unionsq {yi}.
Thus ↑yiF− ∩ ↑yiF+ = {yi} and so ↑↓F+ ∩ ↑↓F− = F .
Claim 2. For any distinct elements x = y ∈ X, |↑x∩ ↑y| + |↓x∩ ↓y| < ∞.
Indeed, since ↑yiFσ = {yi, yiFσ , Fσ } for any element yiFσ ∈ min X (σ = + or −), we obtain that |↑x ∩ ↑y|  1 for any
distinct elements x = y ∈ X . Recall that max X = X1 = Y unionsq F± .
For any distinct elements yi = y j ∈ Y , ↓yi ∩ ↓y j = ∅.
For any elements yi ∈ Y , Fσ ∈ F± , ↓yi ∩ ↓Fσ = {yiFσ } or ∅, where σ is + or −.
For any distinct elements Fσ = Eσ ′ ∈ F± , ↓Fσ ∩ ↓Eσ ′ = ∅, where σ ,σ ′ are either + or −.
Thus for any distinct elements x = y ∈ X , |↑x∩ ↑y| + |↓x∩ ↓y| 2< ∞.
Claim 3. X is non-spectral.
Indeed, otherwise X is spectral. Thus there is an order compatible spectral topology τ on X . By Proposition 1.1 [6],
the de Groot dual τ G is spectral. For any F ∈ F , ↓F− = clτ (F−) and ↓F+ = clτ (F+) are τ -closed and so τ -compact. Since
any τ -open is upper, ↑↓F− and ↑↓F+ are τ -compact. By the deﬁnition of τ G , ↑↓F− and ↑↓F+ are τ G -closed and so
τ G -compact because τ G is compact. Hence ↑↓F+ ∩ ↑↓F− = F is τ G -closed and τ G -compact. Thus Yn := {yi | i  n} ∈ F are
τ G -closed and τ G -compact. On the other hand, since
⋂
n∈Z0 Yn = ∅, Y0 = Y is not τ G -compact. This is a contradiction.
Therefore X is non-spectral.
Hence this X is the desired example.
3. Relative topics
For a poset X , deﬁne a diameter diam X of X as the minimal number n such that there is x ∈ X such that either
(↑↓)kx = X or (↓↑)kx = X whenever n = 2k is even, and either (↑↓)k↑x = X or ↓(↑↓)kx = X whenever n = 2k + 1 is odd.
Remark 4. We can also construct a poset with diameter 3 satisfying the desired properties in Theorem 1.
Indeed, set W := {Yn | n ∈ Z0}, W± := {Yn+, Yn− | Yn ∈ W} ⊆ F± , X ′0 = {yiY j+ , yiY j− | j ∈ Z0, yi ∈ Y j} ⊂ X0, and
X ′ = Y unionsq W± unionsq X ′0 ⊆ X . Note that Y0 = Y . Then X ′ is a countable 1-dimensional non-spectral poset with the restricted
order  |X ′ . For j  1 and yi ∈ Y j , designate a two point set {˜yiY , y˜iY }. For i  1, designate a one point set {˜yiY0−}.j+ j−
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⊔
yi∈Y j {˜yiY j+ , y˜iY j−} unionsq
⊔
i1{˜yiY0−}. Deﬁne X˜ := X ′ unionsq Z and equip X˜ with the extension order by y0Y0+ <
y˜ jY0− , y˜iY j+ , y˜iY j− and yiY j+ < y˜iY j+ and yiY j− < y˜iY j− and y jY0− < y˜ jY0− for any j  1 and for any i ∈ Z0 with yi ∈ Y j .
Since ↓Y jσ = {Y jσ } unionsq {yiY jσ | i ∈ Z j} for σ = −,+ and j ∈ Z0, we obtain that ↑↓Y0+ ∩ ↑↓Y0− = ↑{yiY0− | i ∈ Z0} ∩
↑{yiY0+ | i ∈ Z0} = Y unionsq {˜yiY0− | i ∈ Z1} and ↑↓Y j+ ∩ ↑↓Y j− = Y j for any j ∈ Z1. Since
⋂
i∈Z0 Yi = ∅, X˜ is not spectral.
The fact that |↑y| 4 for any y = y0Y0+ ∈min X˜ , implies that for any x = y ∈ X˜ , |↑x∩↑y| < ∞. The fact that |↓z| = 3 for any
z ∈ Z , implies that for any x = y ∈ X˜ , |↓x∩↓y| < ∞. Since ↓↑y0Y0+ ⊃ ↓Z unionsq{Y0+, y0}∪ {˜yiY0−}) ⊃min X˜ , ↑↓↑y0Y0+ = X˜ . Thus
X˜ is a countable non-spectral poset with diameter 3 such that for any distinct element x = y ∈ X˜ , |↑x∩↑y|+ |↓x∩↓y| < ∞.
In contrast, we obtain the following remark.
Remark 5. Each poset P with diameter  2 such that for any distinct elements x = y ∈ P , |↑x ∩ ↑y| + |↓x ∩ ↓y| < ∞ is
spectral.
This result is implied by the dual of Theorem 1.1 [8], because there is an element x ∈ P such that either ↑x ⊇ max P or
↓x ⊇min P .
Finally, we show that certain posets are spectral. It is well known [7] that a proﬁnite (i.e. spectral) poset is precisely the
inverse limit of the inverse system of ﬁnite posets and order-preserving functions. Recall an inverse system of ﬁnite posets
and order-preserving functions consists of a directed set I (i.e. any two elements of I have an upper bound), ﬁnite posets
Xα for α ∈ I , and order-preserving functions fαβ : Xβ → Xα for α  β ∈ I such that for α, fαα = id and for α  β  γ ,
fαβ fβγ = fαγ . Notice that for a proﬁnite poset X , there is an inverse system of ﬁnite posets and surjective order-preserving
functions.
Lemma 6. Let (X,X ) be a spectral poset, Y a set, and f : Y → X a function. Deﬁne X˜ = X unionsq Y and equip X˜ with an extension order
 as follows: for any elements y ∈ Y and x ∈ X, x < y if and only if xX f (y). Then X˜ is a spectral poset.
Proof. Let Y<ω be the set of nonempty ﬁnite subsets of Y . Then Y<ω with the inclusion is a directed poset. By the
hypothesis, there is an inverse system (Xα, pαβ, I) of ﬁnite posets Xα and surjective order-preserving functions with the
inverse limit X . Then J := I × Y<ω is a directed poset with the product order (i.e. (α, F )  (β, E) if and only if α  β
and F  E). For F ∈ Y<ω , deﬁne X˜(α,F ) = Xα unionsq F equipped with an order as follows: for any elements y ∈ F and xα ∈ Xα ,
xα < y if and only if xα Xα pα f (y), where pα : X → Xα ⊂ X˜(α,F ) is a canonical projection. For (α, F ) (β, E) ∈ J , deﬁne
a function p˜(α,F )(β,E) : X˜(β,E) → X˜(α,F ) by p˜(α,F )(β,E)|Xβ = pαβ , p˜(α,F )(β,E)(y) = y for y ∈ F , and p˜(α,F )(β,E)(y) = pα f (y) for
y ∈ E − F . Thus ( X˜(α,F ), p˜(α,F )(β,E), J ) is an inverse system of ﬁnite posets and surjective order-preserving functions.
Obviously p˜αβ are surjective order-preserving and the inverse limit X∞ := lim X˜(α,F ) is spectral. Let π(α,F ) : X∞ → X˜(α,F )
be canonical projections.
Claim 7. X˜ and X∞ are order isomorphic.
Indeed, deﬁne functions p˜(α,F ) : X˜ → X˜(α,F ) by p˜(α,F )|X = pα , p˜(α,F )(y) = y for y ∈ F , and p˜(α,F )(y) = pα f (y) for y ∈
Y − F . Clearly, π(α,F ) are surjective and order-preserving. The universality of the inverse limit X∞ implies that there is
uniquely an order-preserving function q : X˜ → X∞ such that π(α,F )q = p˜(α,F ) . We show that q is injective. For all elements
x = y ∈ X˜ , if x, y ∈ X , then there is α ∈ I such that pα(x) = pα(y). If x ∈ X and y ∈ Y , then there is α ∈ I such that
p(α,{y})(x) = p(α,{y})(y). If x, y ∈ Y , then p(α,{x,y})(x) = p(α,{x,y})(y) for any α. Hence there is (α, F ) ∈ J such that p˜(α,F )(x) =
p˜(α,F )(y) and so q(x) = q(y). Thus q is injective. We show that q is surjective. For an element (x(α,F )) J ∈ lim X˜(α,F ) , if
x(α,F ) /∈ F for any F ∈ Y<ω , then (x(α,F )) J = (xα)I ∈ X ⊆ X˜ . Thus q((xα)I ) = (x(α,F )) J . Otherwise there is a pair (β, E) ∈ J
such that x(β,E) ∈ E ⊂ Y ⊂ X˜ . Hence q(x(β,E)) = (x(α,F )) J . Therefore q is surjective and so bijective. Since q is an order-
preserving, q is an order isomorphism. 
By the well-known fact that for a spectral poset (X,), the set (X,) with the reverse order is spectral, the dual
statements of above results hold. Thus the following statement holds.
Corollary 8. Let (X,X ) be a spectral poset, Y , Z sets, and f : Y → X, g : Z → X functions. Deﬁne X˜ = X unionsq Y unionsq Z and equip X˜ with
an extension order  as follows: for any elements y ∈ Y and x ∈ X, x < y if and only if xX f (y), and for any elements z ∈ Z and
x ∈ X, z < x if and only if g(z)X x. Then X˜ is a spectral poset.
For a poset (X,), a binary relation  is deﬁned as follows: for any distinct elements x = y ∈ X , x  y if and only if
↑x∩↓y = {x, y}. Recall a poset X is called a tree if there is an element x0 ∈ X such that ↑x0 = X and for any element x ∈ X ,
↓x is a totally ordered subset. For a ﬁnite dimensional poset X , we deﬁne the induced directed graph G(X) as follows: the
set of vertices is X and the set of edges consists of all pair (x, y) which satisﬁes x  y. A ﬁnite dimensional poset X is
called a pseudo-tree if there is a ﬁnite dimensional tree Y such that the induced directed graph G(Y ) of Y is isomorphic to
the induced directed graph G(X) of X as undirected graphs.
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Proof. Let P be a pseudo-tree with a ﬁnite diameter. By the deﬁnition of pseudo-tree, there is a tree T with the least
element x0. We identify T with P by the given isomorphism as sets of vertices. We will reconstruct P by using the tree
structure of T . Deﬁne subsets Pn , Pn , Pn+ , and Pn− of P as follows.
Put P0 = P0 := {x0}. Deﬁne Pn for n > 0 as follows: x ∈ Pn if and only if either x ∈ Pn−1 or there is an element x′ ∈ Pn−1
such that x′ T x. Put subsets Pn := Pn − Pn−1 for n > 0. Deﬁne Pn+ (resp. Pn−) by x ∈ Pn+ (resp. Pn−) if and only if x ∈ Pn
and there is x′ ∈ Pn−1 such that xT x′ (resp. xT x′).
Since ﬁnite posets are spectral, the one point poset P0 = {x0} is spectral. Applying Corollary 8 to the spectral poset
X = P0 = {x0}, and sets Y = P1+ , Z = P1− , the resulting poset P1 is a spectral poset. Again applying Corollary 8 to Pn−1
and sets Y = Pn+ , Z = Pn− , for n = 2,3, . . . ,dim T , we obtain spectral posets Pn . Hence Pdim T = P is a spectral poset. 
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